Abstract. We study the properties of the transversal Killing and twistor spinors for a Riemannian foliation with a transverse spin structure. And we investigate the relations between them. As an application, we give a new lower bound for the eigenvalues of the basic Dirac operator by using the transversal twistor operator.
Introduction
Twistor spinors were introduced by R. Penrose in General Relativity ( [19] ). In [15] , A. Lichnerowicz introduced the twistor operator acting on the spinors, which is a conformally invariant, and proved that the twistor spinors are zeroes of the twistor operator. Further, it is remarkable that the twistor spinors corrrespond to parallel sections in a certain bundle (see [2] , [5] ). It is well known ( [5] , [15] ) that given a twistor spinor Ψ there are two interesting conformal scalar invariants C(Ψ), Q(Ψ) which are constant. Moreover, it was proved that a non-vanishing twistor spinor Ψ is conformally equivalent to a real Killing spinor if and only if C(Ψ) = 0 and Q(Ψ) = 0. Similarly, we define two transversally conformal invariants C (Ψ), Q (Ψ) for a certain Riemannian foliation (see section 5).
Let (M, g M , F) be a compact Riemannian manifold with a transverse spin foliation F and a bundle-like metric g M . In [9] , the first author introduced the transversal Killing spinor Ψ given by the equation
where f is a basic function and π : T M → Q is a natural projection(see (2.1)). And any eigenvalue λ of the basic Dirac operator D b satisfies the inequality
where q = codimF, σ ∇ is the transversal scalar curvature and κ is the mean curvature form of F. And in the limiting case, M admits a transversal Killing spinor.
In this paper, we study the properties of transversal Killing spinors and transversal twistor spinors. Moreover, we investigate the relations between them in terms of C (Ψ), Q (Ψ).
The paper is organized as follows. In Section 2, we review the known facts on a foliated Riemannian manifold. In Section 3, we introduce the transversal twistor (resp. W-twistor) spinor defined by the transversal twistor(resp. W-twistor) equation (1.3)
Moreover, we prove that the transversal W-twistor spinors correspond to parallel basic sections in a certain foliated bundle(cf. [10] ). In Section 4, we study the transversal Killing spinor. In Section 5, we define two transversally conformal invariants C (Ψ) and Q (Ψ), which are similar to ones on [5] . By these invariants, we investigate the transversally conformal relation between transversal twistor spinors and transversal Killing spinors. In Section 6, we estimate the eigenvalue of the basic Dirac operator, which is sharper than (1.2).
Preliminaries and known facts
In this section, we review the basic properties of the Riemannian foliation ( [13] , [20] ). Let (M, g M , F) be a (p+q)-dimensional Riemannian manifold with a foliation F of codimension q and a bundle-like metric g M with respect to F. We recall the exact sequence 
where s ∈ ΓQ, and Y s ∈ ΓL ⊥ corresponding to s under the canonical isomorphism L ⊥ ∼ = Q. The connection ∇ is metrical with respect to g M and torsion free. It corresponds to the Riemannian connection of the model space N . The curvature R ∇ of ∇ is defined by
Since i(X)R ∇ = 0 for any X ∈ ΓL ([13]), we can define the transversal Ricci curvature ρ ∇ : ΓQ → ΓQ and the transversal scalar curvature σ ∇ of F by
for X ∈ ΓQ, where {E a } a=1,··· ,q is a local orthonormal basic frame for Q. F is said to be transversally Einsteinian if the model space N is Einsteinian, that is,
with constant transversal scalar curvature σ ∇ . The mean curvature vector field of F is defined by
where
Let Ω r B (F) be the space of all basic r-forms, i.e., Ω
where θ is the transverse Lie derivative operator. F is said to be minimal (resp. isoparametric) if κ = 0(resp. κ ∈ Ω 1 B (F)). It is well known( [20] ) that on a compact manifold κ is closed, i.e., dκ = 0 if F is isoparametric. The cohomology
is called the basic cohomology of F. Note that Ω * B (F) is a transversal Clifford algebra with the Clifford multiplication defined as follows:
where v is the g Q -dual vector to φ. Let δ B be the formal adjoint operator 
Note that ∆ B corresponds to the ordinary Laplacian of N .
Transversal twistor spinors
In this section, we improve some facts in [10] for the transversal twistor spinor. Let (M, g M , F) be a Riemannian manifold with a transverse spin foliation F and a bundle-like metric g M (see [9] for definition). Let S(F) be a foliated spinor bundle of F and < ·, · > a hermitian scalar product on S(F). It was considered ( [9] , [14] ) the curvature transform R S given by
, where X · Ψ denotes the Clifford multiplication of the vector X ∈ Q by Ψ. Then it holds ( [9] )
Then Ker m is a subbundle of Q ⊗ S(F) and there exists a projection
There are two operators on ΓS(F), the transversal Dirac operator D tr and the transversal twistor operator P tr of F, which are defined by
respectively, whereπ : Γ(T * M ⊗S(F)) → Γ(Q * ⊗S(F)) ∼ = Γ(Q⊗S(F)) is the projection and ∇ S is the spinor derivation on S(F) induced by (2.2).
If it does not cause any confusion, we will henceforward use ∇ = ∇ S . They are locally given by
respectively, where [6] ) that the formal adjoint D * tr is given by D * tr = D tr −κ· and so
is a symmetric, transversally elliptic differential operator. It is wellknown ( [6] , [9] , [12] ) that on a compact Riemannian manifold (M, g M , F) with an isoparametric transverse spin foliation F and a bundle-like metric g M such that δκ = 0
A direct calculation with (2.7) and (2.8) yields
Hence we have from (3.8) and (3.9) the following proposition.
) be a compact Riemannian manifold with an isoparametric transverse spin foliation F and a bundle-like metric
Similarly, we put
It is obvious that for any vector field X (3.12)
We define the subspace Γ B S(F) of all basic sections of S(F) by 
It is trivial that KerP tr ⊂ Γ B S(F).

Theorem 3.2. If M admits a non-vanishing transversal twistor spinor Ψ, then F is minimal.
Proof. Let (0 =)Ψ ∈ KerP tr be a transversal twistor spinor. Then we have
which implies that κ = 0. Therefore F is minimal.
Remark. Theorem 3.2 says that there does not exist a non-trivial solution of (3.14) if F is not minimal. So in this case it maybe helpful to consider the operator P tr . From (3.12) and Theorem 3.2, any transversal twistor spinor is a transversal W-twistor spinor. But the converse is not true in general. 
Proof. It is easy to verify the sufficiency. Conversely, (3.15) with
which follows from (3.5) that
This means that Ψ is a transversal W-twistor spinor.
Proposition 3.4. Under the same condition as in Proposition 3.1, every transversal W-twistor spinor
Proof. Let x ∈ M and choose an orthonormal basic frame {E a } with the property that (∇E a ) x = 0 for all a. From (3.14), we have at x that for any transversal W-twistor spinor Ψ
On the other hand, from (3.7) and (3.10), we have
Hence (3.16) is obtained by (3.18) and (3.19). Next, let X ∈ ΓT M be a local vector field arising from a vector in T x M by parallel displacement along transversal geodesics. Then we have from (3.14)
It follows from (3.3) that
which, combined with (3.16), follows (3.17).
Let us define the bundle map
for X ∈ ΓT M . We consider the bundle E = S(F) ⊕ S(F) and the covariant derivative ∇ E in E defined by
Then we have the following proposition. 
Proof. Let Ψ ∈ KerP tr be a transversal W-twistor spinor. Then the definition together with (3.17) gives rise to
Conversely, let Ψ Φ ∈ Γ B E be a ∇ E -parallel section. Then we have
and thus
Hence D tr Ψ = Φ. This means that Ψ is a solution of the transversal W-twistor equation.
On the other hand, we have from (2.9) that for any transversal Wtwistor spinor Ψ
From (3.10) and (3.16), we have the following proposition. 
Remark. On a complete Riemannian manifold with an isoparametric foliation F, if all leaves are compact, then κ is closed( [11] ). Hence Proposition 3.1, 3.4, 3.5, and 3.6 are true on a complete Riemannian manifold with an isoparametric foliation of δκ = 0.
Transversal Killing spinor
Throughout this section (M, g M , F) is considered as a connected Riemannian manifold with a transverse spin foliation F and a bundle-like metric g M . We recall( [9] ) that Ψ ∈ Γ B S(F) is a transversal Killing spinor if it satisfies 
Proof. The definition together with (3.14) implies for Y, Z ∈ ΓQ
which means that X Ψ is transversal Killing.
Lemma 4.2. If Ψ is a transversal Killing spinor, then |Ψ| 2 is constant.
Proof. Let Ψ be a transversal Killing spinor such that ∇ X Ψ = −f π(X) · Ψ for any X ∈ ΓT M . Then (4.1) implies
Therefore |Ψ| 2 is constant. 
Proof. Let Ψ be a transversal Killing spinor with ∇ f X Ψ = 0. From (4.1), we have
which prove (4.2). Since < X · Ψ, Ψ > is pure imaginary, the equation 
The conformal relation between transversal twistor and transversal Killing spinors
Let (M, g M , F) be a compact Riemannian manifold with a transverse spin foliation F and a bundle-like metric g M . Now, we consider the transversally conformal changeḡ Q = e 2u g Q of g Q for any real basic function u on M . LetS(F) be the foliated spinor bundle associated withḡ Q . If < , > g Q and < , >ḡ Q denote the natural Hermitian metrics on S(F) andS(F) respectively, then for any Φ, Ψ ∈ ΓS(F) we have ( [12] )
and the corresponding Clifford multiplication inS(F) is given by
Let∇(resp.D tr ) be the transversal Levi-Civita connection(resp. transversal Dirac operator) corresponding toḡ Q . Then we have the following proposition.
Proposition 5.1. [12] For any X, Y ∈ ΓT M and Ψ ∈ ΓS(F)
Let {Ē a } be a local orthonormal basic frame associated withḡ Q . ThenD tr is locally expressed by
forΨ ∈ ΓS(F), whereD trΨ = aĒ a·∇Ē aΨ and κḡ is the mean curvature form associated withḡ Q , which satisfies κḡ = e −2u κ. It follows from (5.3) that
Therefore we conclude that the dimensions of the kernel of D tr and D tr are transversally conformal invariants. LetP tr be the transversal W-twistor operator ofḡ M = g L ⊕ḡ Q , wherē g Q = e 2u g Q for a basic function u. A similar way shows the following proposition.
Proposition 5.2. For any spinor field Ψ ∈ Γ B S(F), we havē
On the vector space KerP tr , there exist a quadratic form C and a form Q defined by
for Ψ ∈ KerP tr (see [5] for the point foliation). It is obvious that C (Ψ) = (D tr Ψ, Ψ). By using (5.3), (5.4), and (5.5), a direct calculation implies
Hence we have the following theorem. Proof. The first statement follows from (5.9). Next, if we differentiate C (Ψ) with respect to X ∈ ΓT M , then
From (3.14) and Proposition 3.4, we have
which deduces that C (Ψ) is constant. Moreover,
By a long calculation together with Propositon 3.4, we obtain ∇ X Q (Ψ) = 0.
Given a spinor Ψ, we define the associated vector field T Ψ by (5.10)
Assume that Ψ is a non-vanishing transversal W-twistor spinor. Then
where w = |Ψ| 2 . On the other hand, we have from (5.10)
Hence if Ψ satisfies C (Ψ) = 0 = Q (Ψ), then (5.11) and (5.12) imply (5.13)
Hence we have the following proposition. Proof. Consider the metricḡ M = g L +ḡ Q , whereḡ Q = e 2u g Q with u = − ln w and ω = |Ψ| 2 . Then Proposition 5.1(4) gives rise tō
for X ∈ ΓT M . It follows from (3.14) and (5.13) that
That is,Φ = w 
where w = |Ψ| 2 .
Proof. Let (0 =)Ψ ∈ KerP tr be a transversal W-twistor spinor. From (5.8) and (5.10), we have (5.14)
On the other hand,
From (3.23), (5.15), and (5.16), we have
which completes the proof by using (5.13) and (5.14).
A spinor field Ψ is said to be transversally conformally equivalent to a transversal Killing spinor if there exists a transversally conformal changeḡ M = g L + e 2u g Q such that e u 2Ψ is a transversal Killing spinor with respect toḡ M . This is equivalent that for any X ∈ ΓT M Conversely, we consider a non-vanishing transversal W-twistor spinor Ψ with C (Ψ) = 0 and Q (Ψ) = 0. Then (5.12) implies
and hence by (5.11)
If we choose u so that w = C (Ψ) qa e −u , then (5.23) and (5.24) show that Ψ satisfies (5.18) . This means that Ψ is transversally conformally equivalent to a transversal Killing spinor.
Eigenvalue estimates
In this section, let (M, g M , F) be a compact connected Riemannian manifold with a transverse spin foliation F and a bundle-like metric g M such that the mean curvature form κ satisfies ∆ B κ = 0. The existence of a bundle-like metric g M for (M, F) such that κ is basic, i.e., κ ∈ Ω 1 B (F), is proved in [4] . Given a bundle-like metric g M with κ ∈ Ω 1 B (F), it is assured ( [16] , [17] ) that there exists another bundle-like metric whose mean curvature form is basic harmonic.
By a straightforward calculation, we have that for Ψ ∈ ΓS(F) Hence we have the following theorem (cf. [10] ). Proof. It suffices to investigate the limiting case that F admits a non-vanishing spinor field Ψ such that D b Ψ = λΨ. From (6.5), we see P tr Ψ = 0. Since D tr Ψ = λΨ + 1 2 κ · Ψ, we have from (3.14) (6.7)
for X ∈ ΓT M . It follows from (3.10) and (3.16) that F is minimal. Therefore Theorem 4.3 says that F is transversally Einsteinian with constant transversal scalar curvature σ ∇ > 0.
